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Let v be a finite Borel measure on [0, 1]. We introduce the notation of the
Durrmeyer-Stieltjes polynomials

n
DnV = (11 + l) Z (lek.ndV)Nk.n'
k=01\"Y
where N (x) = : (1 —x)""* (x<€[0,1], k=1,2,...,n) are the basic

Bernstein polynomials. We prove that the maximal operator of the sequence (D)
is of weak type and the sequence of polynomials (D,v) converges a.e. on [0, 1] to
the absolutely continuous part of v. « 1993 Academic Press, Inc.

1. INTRODUCTION

Let n € N be a natural number and denote &, the (n + 1)-dimensional
space of algebraic polynomials of degree at most n. Let L% = LY0, 1]
represent the collection of a.e. finite, Lebesgue measurable functions and
denote by |A]| the Lebesgue measure of a set A4 c[0,1]. The space
L' = LY0,1] is considered as a real Banach space of real-valued functions
with the usual norm

£l = fo‘lf(t)ldz, felL

J. L. Durrmeyer [7] introduced the following modification of the classi-
cal Bernstein polynomial operators,

DL ~#, Dyf=(n+1)% (fO‘Nk‘n(r)fmdr)Nk,n(n e n),
k=0

(1)
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where
Nk‘n(x)=(2)x"(1—x)"_k (xe[0,1,k=0,1,...,n)

denotes the basic Bernstein polynomials of degree n. In [7] Durrmeyer
proved that for every continuous function f e C[0, 1] the sequence of
polynomials D, f (n € N) uniformly tends to f on the interval [0, 1].

Further interesting properties of the sequence of these operators were
studied by M. M. Derrienic [5), Z. Ciesielski [3], Z. Ditzian and K. Ivanov
[6], and other authors (see [8-10, 12, 13, 17D. For the case of a.e.
convergence M. M. Derrienic [5] proved the following result.

Tueorem A. For every function f € L' the sequence of polynomials
(D, f),en converges a.e. to f on [0,1].

In this paper we shall prove a generalization of this result to finite Borel
measures.

Let M denote the collection of finite Borel measures on [0, 1] and vl
the total variation of the measure v € M. The maximal function of a
measure v € M at a point x € [0, 1] is defined by

lv(1)|
V4

v*(x) = sup

where the supremum is taken over all intervals I contained in [0,1] and
containing x.

It is known (see [14]) that for every measure v € M the following
inequality holds

[{x € [0.1):v*(x) > y}| < %HvU (2)

for all y > 0, i.e., the maximal operator

M:M - L°, Mv = p*

is of weak type.

Recall that if v € M is an absolutely continuous measure, then its
Radon-Nikodym derivative (which we shall denote by dv/dm) with re-
spect to the Lebesgue measure m exists and

dv
v(A) = Ld—m (Ac[0,1]).

It is also known that for every finite Borel measure v there exists a
uniquely determined absolutely continuous measure v, and a singular
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measure A such that

v=vf+A.

Such a measure v, is called the absolutely continuous part of v € M.

2. MaIN REsuLTs

We introduce the notation of the so-called Durrmeyer—Stieltjes opera-
tors, as

D, M -2, D,v:=(n+1) Y, (lek‘,,dV)Nk‘n(nEN). (3)
k=0\"0

Another generalization of the polynomials (1) have been introduced and
investigated by Z. Ciesielski [4] and H. Berens and Y. Xu [1, 2].

The maximal operator of the sequence of the Durrmeyer-Stieltjes
operators (3) will be defined by

(D*v)(x) = su%|Dnu(x)[ (x €[0,1]; v € M).

The aim of this note is to prove the following statements.

THEOREM 1. For every measure v € M the following inequality is satis-
fied
(D*v)(x) < (V2 + D)v*(x)  (x €(0,1)).
THEOREM 2. Let v € M be a finite Borel measure on the interval [0, 1).
Denote f as the Radon-Nikodym derivative of the absolutely continuous part

of v. Then the sequence of the Durrmeyer—-Stieltjes polynomials (3) satisfies
the limit relation

lim D (v)=f a.e.on[0,1].

Remark. If the measure v € M is absolutely continuous and its
Radon-Nikodym derivative is f then D,v = D, f (n € N), so from Theo-
rem 2 we have Theorem A.

3. AUXILIARIES

In order to prove the theorems we need some preliminary results and
lemmas. We will suppose a function of bounded variation on [0, 1] is
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continuous from the left at all points of (0, 1] and continuous from the
right at the point 1 in the sequel.

It is known that for every measure v € M there exists a function F,:
[0,1] — R of bounded variation on [0, 1] such that

/O’ngu = fo‘gdu (4)

for all functions g integrable with respect to the measure v (the space of
all these functions is denoted by L!). The function F, with the above
property is not uniquely determined. Indeed for every number ¢ € R the
function F = F, + ¢ satisfies the equality

['gdF = ['ga (5)
0 0

forall g e L!.

It is also true that if the functions F,, F satisfy (4) and (5) then there
exists a real number ¢ € R such that F = F, + c.

For the proof of the theorems we need some other representation of the
Durrmeyer-Stieltjes polynomials.

LemMAa 1. For every measure v € M the Durrmeyer—Stieltjes polynomi-
als (3) can be written in the form

D(x) = D(dF)(x) = (1 + 1) X ['We.,aF Ny ()
k=0\"0

= (n+ D[F(1)x” ~ FO)(1 — x)"]

Neotner(X) ‘- k+1
n+1

—-n(n + 1)”21

ioo x(1—x)
1
X| [ Neami(1)F(2) dt (6)
0
forall x € (0,1) and n € N, where F:[0,1] = R is an arbitrary function of
bounded variation with property (5).

Proof. Let v € M be a fixed measure and denote F as the function of
bounded variation with the property (5).

Using integration by parts with respect to the Lebesgue-Stieltjes inte-
gral we have for every function F: [0, 1] — R of bounded variation

['NendF + ['FdN, , = [N, Fly  (k=0.1,....nneN).
0 0
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Since the basic polynomials N, , (k =0,1,...,n; n € N) are absolutely
continuous functions thus

/leNk‘,, - f‘F(z)N,;_,,(r) dt (k=0,1,....n;n€N).
0 0

Using the above identities and the relations N, ,(0) = &, , and N, (1) =
6, , we conclude that

DAF)(x) = (n+ 1) E ([N d ()
k=0\"0

=(n+ 1)kZ: [Ne o FloNe ()
=0

~(n 1) X ([PON0) de N ()
k=0 \"0
= (n+ D[F(1)x" = F0)(1 — x)"]

() T {['RONL0 dN ). )
k=0\"0

From the definition of the basic Bernstein polynomials it follows that

Nof8) = —n(1=0)""" N (1) =",
N =n[Ne () = Newo(D], il gk<n—1,

thus

n l ,
(n + 1)50([0Nk,n(t)F(t)dr)Nk,n(x)

(n+1)

([O‘N.s‘,.mF(t) dt)No,n(x)
¥ (/O‘N,:‘n(t)F(t) dr)Nn,n(x)]
n—1
) X ([ TMcrne i) = M (01F ) dr)Nk.,,(x)

n—1

n(n+1) > (lek,n—l(t)F(t) dt)[Nk+1,n(x) - Nk,n(x)]'
k=0\"0
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An easy calculation shows that for every x € {0, 1)

Nigra(x) = N (x) =

’

Nm_w(x)( ket
x(1—-x) n+1

from which we obtain that

(n + l)élo(fo‘fv;,n(oF(r) e

Nk+l‘n+1(x)( B k+1
n+1

=n(n+ l)nil1

ico X(1—x)

([p'Nk,n_l(r)F(z)dr .

Combining this with (7) we get the representation (6). |

Let us consider the polynomials

n—1 1 m
Ap(x)y =1, NM,H,(x)fONk.n_m(t —x)"dt
k=0

(xeR;m,neN). (8)

LemMMA 2. Let n = 2 be an arbitrary integer. Then the following esti-
mates hold:

x(1 —x)

A, (x) = Zm (x €[0,1]), (9)
x(1—x)

Ay (x)s9 (x€(0,1}). (10)

n(n + 2)(n + 3)

Proof. The polynomials defined by (8) are the same as those intro-
duced by Z. Ditzian and K. Ivanov [6, p. 86] disregarding a factor n. As
their polynomials obey a recursion formula [6, p. 87], the same holds for
our polynomials:

x(l —x)[A’m,n(x) - mAm—l.n(x)]
=—(n+m+ DA, (x) =m(l-2x)4, (x)
+mx(1 —x)A,_; (%) (xeR;m=1,...,n). (11)

640/79/1-4
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Using the well-known relations (see [15])

n+1

Z Nk,n+1(x) =1,
k=0

n+l
Z ka,n+l(x) = (n + l)x (x = [0’1]’ n e N)y
k=0

n+l(
k

1
kanl(t)dt - (k=0,1,....,n - 1;n €N\ {0,1)),
n

)Nk,,’+l(x)=0 (x<€{0,1},n eN),

k+1 (12)

1
fO’Nk,n-l(t)dt S A E D)

(k=0,1,...,n—1;n €N\ {0,1})

we have
1—(1—x)""" =gt
Ag n(¥) = (x€[0,1);n e N)
n
and
(1 —x)x"*' —x(1 —x)""!
A o(x) = (x€[0,1);n € N). (13)

n

Specializing (11) for the case m = 1 simple calculations show

x(1—x)

Ay (x) = wn 1 2)

{2 —(n+ 2)[x(1 -x)"+ (1 —x)x"]}
(x€[0,1; n eN), (14)

from which we get the inequality (9).
In order to prove (10), first we calculate A4, ,(x) from (11), (12), and
(13):

x(1 —x) 2 n_ 2 1-2x
A; ,(x) = ‘—n-‘<(1 -x)'x" —x*(1-x)" - m}

(15)
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Finally putting » = 3 into (11) and using (13), (14) we get

_ 12x(1-x) 10 2
A0l = S| A
_x(l -

— %) (221 =x)" + (1 - x)’x"],

from which inequality (10) follows. ||

4. ProoFs

Proof of Theorem 1. Let x € (0,1) be a fixed point. For the measure
v € M there exists a uniquely determined function F of bounded varia-
tions such that

/O’ng - [gdv,  F(x)=0
0

for all g € L.
Using Lemma 1 for this function F we get that

(D) (x) = (n+ D[F(1)x" = F(0)(1 - x)"]
Nk+l,n+1(x)( : k + 1)

—n(n + 1)'12::1

k-0 X(1—-x)

x(fOlN,(_,,_,(t)F(t)dt)
=A,(x) — B,(x). (16)

n+1

For the first term on the right-hand side of (16) we have
|A,(x)| = (n + DIF(1)x" = FO)(1 - x)"|

= (n + D|(F(1) = F(x))x"| =|(F(0) = F(x))(1 = x)"|
< v*(x)(n + 1)[x(l -x)"+ (1 —x)x"].

From the well-known identity

n+1 +1
Z (n L )x"(l _x)n+1—k =1

k=0
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we have
(n+ D)[x(1-0)"+ 0 -x)x"] <1 (x€[0,1];n eN),
thus we obtain that
A () <v*(x) (x€[0,1];n €N). (17)

Let us consider the second term on the right-hand side of (16). Since
F(x) = 0 thus

" Neerna k+1
1B(x)| =n(n+ 1) T '(x)(x— | [ ¥eai

im0 X(1—x) n+1

X[F(t) — F(x)]dt

n(n+ 1) nZ| k+1i
* — N _
s v¥(x) (1 - %) :L;O kv X)]X R

xf]N,(,,,_l(t)}t — xldt.
0

Applying the Cauchy inequality and the fundamental identity

) ko ox(1-x)
,E’ON""‘“(X)(X_ n+ 1) S (neh)
we conclude that
n{n + 1)
B *(x) ————
B0 = ()
n 1 k+1\3]"7
X k{:ONk+l,n+l(x)(x_ n +1)
n—1 1 2
X[ 2 Nk+1,n+1(x)(f Ny ()l —xldt) ]
k=0 Y
+1
< v¥( il

x)\/x(l - x)
n—1 211/2
X[ x Nk+l.n+](x)(j:Nk,n—l(t)lt —xldt) ] .

k=0
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Using the Cauchy inequality with respect to the integrals and also (12) we
have

B . yna(n + 1)
|B(x)| s v (x)—);z‘/—l—__:—T

n—1 1/2
1
X| L Nevioner(X) [ N )0 = x) e
k=0 Y
Finally, by (9) we can write
|B(x)] =V2v*(x) (x€(0,1);n€EN). (18)

The statement of Theorem 1 immediately follows from (16)-(18). |
From Theorem 1 and (2) immediately follows

CoRroLLARY 1.

(i) For every measure v € M we have
D*v e LY.

(ii) The maximal operator D*: M — L° is of weak type, i.e., the
inequality

5(V2 + 1)ll |
ey

[{x & [0,1]: (D*»)(x) >y} | =

holds for all y > 0 and all v € M.

Now we show that the result of M. M. Derrienic (see Theorem A)
follows from Theorem 1, too.

CoroOLLARY 2. Let v € M be an absolutely continuous measure. Denote
f as the Radon—Nikodym derivative of v. Then

lim D,y =f a.e.on|[0,1]. (19)

n—oocc

Proof.  Since for the absolutely continuous measure v we have D,v =
D, f, it is enough to prove that

lim D,f=f a.e.on[0,1] (20)

for all fe L.
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Let m be a fixed natural number and consider the polynomial f(x) = x™
(x €{0,1)). M. M. Derrienic proved (see [5, Proposition 1.2]) that for
m<n

(m)m! n! . (1)

— — X
(n+m+ 1) T \r ]l (n—-r)!

It is easy to see that the main coeflicient of (21) tends to 1 if n — o and
the other coefficients of (21) tend to 0 if n — . This means that the limit
relation (20) is satisfied for all polynomials.

Thus the statement follows from Corollary 1 by standard argument (see
[16, p. 81D. 1

Proof of Theorem 2. Let v € M be a finite Borel measure on the
interval [0, 1]. Consider the Lebesgue decomposition of v,

v=uv+ A,
where v, is an absolutely continuous measure and A is a singular measure.
Since D,v = D,v; + D,A thus according to Corollary 2 for the proof of

Theorem 2 it remains to establish that for every singular measure A

lim DA =0 ae.on[0,1]. (22)

n—o

Let us consider a singular function F: [0, 1] — R with the property

fAdF=fAdv, Ac[o,1].
From Lemma 1 we have
D(dF)(x) = (n + 1)[F(1)x" - F(0)(1 — x)"]

" Nevnner(X)
n(n + I)IE:,O————————x(1 .

n+1

X(x _ ke l)folN,(,,,_l(t)F(t)dr.

Using the identity

"ilNk,,,ﬂ(x)(x - ) —0  (xe[01;neN)
k=0

n+1
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we obtain that
D,(dF)(x) = (n + )[F(1) = F(x)]x"
+(n + 1)[F(x) - F(0)](1 —x)"

NevnoiX) [ k+1
—n(n+ l)k};o————x) (x— — 1)
X [N wr(D[F(t) = F(x)] dr. (23)
0

It is obvious that for every x € (0, 1) the first two terms of the right-hand
side of (23) tend to 0 if n — o,
Since F is a singular function, for almost every x € (0, 1) we have

. F(1) ~ F(x)
lim —————— =
t—x r—x

Fix a point x with the above property and ¢ > 0. Then there exists a
number § > 0 such that

[F(t) — F(x)| <elt — x| (24)

for |t — x| <6, t€(0,1)
The remainder of the right-hand side of (23) can be written in the form

Hlﬁmn(x_k+1)

~o x) n+1

-C(x) =n(n+ l)
k

X[ Nea- A DUF(1) = F(x)] d

“4Mxn(x_k+1)

x) n+1

X[ NealOLF() = F(x)] de
1—x|<é

—n(n+1)2
k=0

+n(n+1)z k+ln+1(x)(x_ k+1)

oo X(1—1x) n+1

x Nen)[F(2) = F(x)] dt

[t—x|>8&

=I, +1I,. (25)
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Similarly to the proof of (18), we can conclude from (24) that

n(n+ 1) n_1
“"§€—;(1—__;—)—k§)lvk+1‘n+l(x) x = — 1’[ Ne nor(D)lt = x| dt
< V2e. (26)
For the term I, we obtain
2M n(n + 1) -] k+1]
Ll<—— 2~V N -
Ll < 52 x(1 — %) k2=:0 ke tn+1 (X)X P

Xlekvn_l(t)lt — x| dt,
0

where |F(¢)| < M (¢ € (0,1)). Using the method of the proof of (18) we
can conclude that

2M [n(n+1) () /2
|Izl§.ﬁ6—2‘\/—(—l“_‘x—)(ZNk+ln+x(x)ka a(O)(=x)ar|
Thus from Lemma 2 we get

18M \/n +1

Il 5 —— (27)

From (25)-(27) it follows that for large enough n € N we have
|ICi(x) e ae.[0,1]

which proves (22) and this completes the proof of the theorem. ||
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